Abstract. A description of time-dependent Mechanics in terms of Lagrangian submanifolds of presymplectic and Poisson manifolds is presented. Two new Tulczyjew triples are discussed. The first one is adapted to the restricted Hamiltonian formalism and the second one is adapted to the extended Hamiltonian formalism.
= ∂H ∂p i , dp i dt = − ∂H ∂q i , i = 1, ..., n.
Here, (q i , p i ) are local fibred coordinates on T * Q which represent the positions and the momenta of the system, respectively. Solutions of the previous Hamilton equations are just the integral curves of the Hamiltonian vector field X H on T * Q which is characterized by the condition
Ω Q being the canonical symplectic structure of T * Q (for more details see, for instance, [1, 13] ). Lagrangian (Hamiltonian) Mechanics may be also formulated in terms of Lagrangian submanifolds of symplectic manifolds (see [16, 17] ). In fact, the complete lift Ω If the Lagrangian function L is hyperregular then the Legendre transformation leg L : T Q −→ T * Q is a global diffeomorphism and S L = S H . We remark that in the previous construction the following properties hold:
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(1) The three spaces T * (T Q), T (T * Q) and T * (T * Q) involved in the Tulczyjew triple are of the same type, namely, symplectic manifolds. On the other hand, for time-dependent mechanical systems the role of T Q and T * Q is played by the space of 1-jets J 1 π of local sections of a fibration π : M −→ R (in the Lagrangian formalism) and for the dual bundle V * π to the vertical bundle V π to π (in the restricted Hamiltonian formalism) or for the cotangent bundle T * M to M (in the extended Hamiltonian formalism). For more details on these topics, see [10, 15] . Note that V * π is not a symplectic manifold, but a Poisson manifold. Several attempts to extend the Tulczyjew triple for time-dependent mechanical systems have been done. However, although acurrate and interesting, they all exhibit some defect if we compare with the original Tulczyjew triple for autonomous mechanical systems. In fact, in [9] the authors described a Tulczyjew triple for the particular case when the fibration π : M −→ R is trivial, that is, M = R × Q and π is the projection on the first factor. They used the extended formalism and the spaces involved in the construction were too big. Later, in [11] , M. de León et al discussed a Tulczyjew triple for the same fibration pr 1 : R×Q −→ Q. In this case, the Lagrangian and Hamiltonian functions are involved in the definition of the triple. In this construction, they used the notion of the complete lift of a cosymplectic structure. On the other hand, in [8] the authors proposed a restricted Tulczyjew triple for a general fibration π : M −→ R. However, the Hamiltonian section is involved in the construction of the triple. In this paper, we solve the previous problems and deficiences. In fact, we will propose two new Tulczyjew triples for time-dependent mechanical systems. The first one is adapted to the restricted Hamiltonian formalism and the second one is adapted to the extended Hamiltonian formalism. In this approach, the role of symplectic structures in the original Tulczyjew triple is played by presymplectic and Poisson structures. Then, symplectic (anti-symplectic) isomorphisms are replaced by presymplectic and Poisson (anti-presymplectic and anti-Poisson) isomorphisms. In addition, Lagrangian submanifolds of symplectic manifolds are replaced by Lagrangian submanifolds of presymplectic and Poisson manifolds. The new Tulczyjew triples follow the same philosophy as the original one (see sections 4, 5 and compare with properties (1), (2), (3), (4) and (5) of the original Tulczyjew triple). We also remark that our second Tulczyjew's triple has some similarities with the Tulczyjew's triple proposed in [6] although the spaces involved in the definition of the triple in [6] are different and the structural applications between them are not isomorphisms. The paper is structured as follows. In section 2, we recall some definitions and results on presymplectic and Poisson structures which we will be used in the rest of the paper. The Lagrangian and Hamiltonian formalisms in jet manifolds are discussed in section 3. Sections 4 and 5 contain the results of the paper. In fact, the restricted and extended Tulczyjew triples for time-dependent Lagrangian and Hamiltonian systems are presented in sections 4 and 5, respectively. The paper ends with our conclusions and a description of future research directions.
Presymplectic and Poisson manifolds

Presymplectic manifolds.
In this subsection, we will recall some well-known facts on presymplectic manifolds. Definition 2.1. A presymplectic structure on a manifold M is a closed 2-form ω on M. If ω is a presymplectic structure on M, the couple (M, ω) is said to be a presymplectic manifold.
Moreover, for each x ∈ M , we will denote by Ker(ω(x)) the subspace of the tangent space T x M to M at x given by
rank(ω(x)) being the rank of the 2-form ω(x) which is an even number. In the pariticular case when rank(ω(x)) = dimM, f or all x ∈ M then the dimension of M is even and the couple (M, ω) is a symplectic manifold (see, for instance, [1] ). 
Here, i : C −→ M is the canonical inclusion.
We remark that if (M, ω) is a symplectic manifold, then one recovers the classical notion of a Lagrangian submanifold of a symplectic manifold (see, for instance, [1] ). The notion of a presymplectic map may be introduced in a natural way. 
Remark 2.4. A presymplectic structure ω on a manifold M is a particular example of a Dirac structure (see [3] ) in such a way that a Lagrangian submanifold of (M, ω) is also a Lagrangian submanifold for the Dirac structure on M which is induced by the presymplectic form ω (see [18] ). In addition, a presymplectic map is a backward Dirac map in the sense of Bursztyn et al (see [2] ).
Poisson manifolds.
In this subsection, we will recall some well-known facts on Poisson manifolds (see, for instance, [7, 14] A Poisson structure induces a vector bundle morphism Λ ♯ : T * M −→ T M which is given by
Note that Λ ♯ is a skew-symmetric map and, thus, the dimension of the subspace Λ ♯ (T * x M ) is even, for every x ∈ M . Moreover, if Λ ♯ is a vector bundle isomorphism then the inverse morphism (Λ ♯ ) −1 : T M −→ T * M is just the vector bundle isomorphism induced by a symplectic structure on M.
We remark that in the particular case when the map Λ ♯ : T * M −→ T M is a vector bundle isomorphism, that is, the Poisson structure is induced by a symplectic structure on M, then one recovers the classical notion of a Lagrangian submanifold of a symplectic manifold. 
Note that ϕ is a Poisson map if and only if
Remark 2.8. A Poisson structure Λ on a manifold M is a particular example of a Dirac structure (see [3] ) in such a way that a Lagrangian submanifold of (M, Λ) is also a Lagrangian submanifold for the Dirac structure on M which is induced by the Poisson 2-vector Λ (see [18] ). In addition, a Poisson map is a forward Dirac map in the sense of Bursztyn et al (see [2] ).
Lagrangian and Hamiltonian formalisms in jet manifolds
In this section, we will recall some definitions and results about the Lagrangian and Hamiltonian formalisms of Classical Mechanics in jet manifolds (for more details, see for instance [5, 8, 10, 15] ).
The Lagrangian formalism.
Let π : M −→ R be a fibration, where M is a manifold of dimension n+1. Denote by J 1 π the (2n+1)-dimensional manifold of 1-jets of local sections of π. J 1 π is an affine bundle modelled over the vertical bundle V π of π. It can be shown that exits a canonical identification between J 1 π and the subset of T M given by {v ∈ T M/η(v) = 1}, where η = π * (dt). Thus, J 1 π is an embedded submanifold of TM. In the same way, V π is the vector subbundle of TM given by {v ∈ T M/η(v) = 0}. If (t, q i ) are local coordinates on M which are adapted to the fibration π, then we can consider the corresponding local coordinates (t, q i ,q i ) on J 1 π and V π. We will denote by π 1,0 : J 1 π −→ M and π 1 : J 1 π −→ R the canonical projections and by η 1 the 1-form on J 1 π given by
Given two points x, y ∈ M we define the manifold of infinite piecewise differentiable local sections which connect x and y as
We define the functional J :
Here,
is the jet prolongation of the curve c. The Hamilton principle states that a curve c ∈ C ∞ (x, y) is a motion of the Lagrangian system defined by L if and only if c is a critical point on J , i.e., dJ (c)(X) = 0 for all X ∈ T c C ∞ (x, y) which is equivalent to the condition
In other words, c satisfies the Euler-Lagrange equations.
The Hamiltonian formalism.
Denote by V * π the dual bundle to the vertical bundle to π and by µ : T * M −→ V * π the canonical projection. We have that T * M is an affine bundle over V * π of rank 1 modelled over the trivial vector bundle pr 1 : V * π × R −→ V * π (an AV-bundle in the terminology of [5] ). In this setting, a Hamiltonian section is a section h :
Denote by Ω M the canonical symplectic structure of T * M . Then, we can obtain a cosymplectic
where
Here, π * 1 : V * π −→ R is the canonical projection. Note that Ω h = dq i ∧ dp i + dH ∧ dt, η * 1 = dt. Thus, we can construct the Reeb vector field of (Ω h , η * 1 ), which is characterized by the following conditions
and, therefore, the integral curves of R h are the solutions of the Hamilton equations:
This is the restricted formalism for time-dependent Hamiltonian Mechanics.
Next, we will present the extended formalism.
The AV-bundle µ :
We will denote by V µ ∈ X(T * M ) the infinitesimal generator of the action of R on T * M . Then, there exists a one-to-one correspondence between the space Γ(µ) of sections of µ and the set
Note that V µ = ∂ ∂p .
Remark 3.1. We remark that dF h is invariant under the action of R on T * M and, thus, it defines a connection 1-form on the principal R-bundle µ :
Now, we can consider the Hamiltonian vector field
satisfy the following equations
and, moreover, (3.7) dp dt = − ∂H ∂t (3.6) are the Hamilton equations and using (3.7) we deduce that in time-dependent Mechanics the Hamiltonian energy is not, in general, a constant of the motion (for more details, see the following subsection 3.3).
The equivalence between the Lagrangian and Hamiltonian formalisms.
We are going to introduce the Legendre transformations for the restricted and extendend formalisms. The extended Legendre transformation Leg L :
The restricted Legendre transformation leg L :
The local expression of these transformations is
The Lagrangian function L is said to be regular if and only if for each canonical coordinate system (t,
is non-singular. From (3.8), we deduce that the following statements are equivalent:
• L is regular.
• leg L :
The Lagrangian function L is said to be hyperregular if the restricted Legendre transformation is a global diffeomorphism. Then, we obtain a Hamiltonian section
where (W ij ) is the inverse matrix of (W ij ) = ( Let N be a smooth manifold. We will denote by A N : T (T * N ) −→ T * (T N ) the canonical Tulczyjew diffeomorphism associated with the manifold N which is given locally by (see [17] )
Here (q i ) are local coordinates on N and (q i , p i ) (respectively, (q i , p i ;q i ,ṗ i )) are the corresponding local coordinates on T * N (respectively, T (T * N ). Now, suppose that π : M −→ R is a fibration. Then, we may define a smooth map
as follows. Let α v be a 1-form at the point v ∈ J 1 π ⊆ T M . Then,
being the canonical projection. ψ is well-defined. In fact, the local expression of ψ is
In particular, ψ take values in the submanifold J 1 π * 1 of T (V * π). Thus, we may consider the map
It is clear that ψ is not a diffeomorphism (see (4.1)). In order to obtain a diffeomorphism, we consider the vector subbundle η 1 over J 1 π of T * (J 1 π) with rank 1 which is generated by the 1-form η 1 and the quotient vector bundle
In addition, it is easy to prove that there exits a diffeomorphism ψ :
where π T * (J 1 π) is the canonical projection. In fact, the local expression ofψ is
We will denote by A π :
A π will be called the canonical Tulczyjew diffeomorphsim associated with the fibration π. The local expression of A π is
Let Ω J 1 π be the canonical symplectic structure of T * (J 1 π) and Λ J 1 π be the corresponding Poisson structure. In local coordinates (t, q i ,q i ; p t , p q i , pqi ) on T * (J 1 π), we have that Ω J 1 π = dt ∧ dp t + dq i ∧ dp q i + dq i ∧ dpqi ,
On the other hand, the vertical bundle of the canonical projection π T * (J 1 π) :
Thus, it is clear that
The corank of the Poisson structure Λ J 1 π is 1. Now, consider the canonical Poisson structure Λ V * π on V * π. Λ V * π is characterized by the following conditions
for X, Y π-vertical vector fields on M and f, g ∈ C ∞ (M ), where π * 1,0 : V * π −→ M is the canonical projection. Here, Z is the linear function on V * π which is induced by a π-vertical vector field Z on M, that is,
On the other hand,
is a Poisson structure of corank 1. In addition, from (4.2), (4.3) and (4.4), we deduce
Theorem 4.1. A π is a Poisson isomorphism between the Poisson manifolds (J
The space
is a vector bundle over J 1 π with vector bundle projectionπ J 1 π :
Moreover, we can consider the jet prolongation j 1 π * 1,0 :
Therefore, it is clear thatπ J 1 π • A π = j 1 π * 1,0 . On the other hand, as we know, J 1 π * 1 is an affine bundle over V * π which is modelled over the vertical bundle to π * 1 : V * π −→ R. We will denote by (π * 1 ) 1,0 :
The following commutative diagram illustrates the above situation
| | y y y y y y y y
Now, suppose that L : J 1 π −→ R is a Lagrangian function. Then, the differential of L induces a section of the vector bundleπ J 1 π : T * (J 1 π)/ η 1 −→ J 1 π which we will denote by dL :
We have that
Furthemore, it is easy to prove that dL(J 1 π) is a Lagrangian submanifold of the Poisson manifold
). On the other hand, we will denote by leg L : (1) Let σ : R −→ M be a local section of π. σ is a solution of the EulerLagrange equations for L if and only if
(2) The local equations which define to S L as a Lagrangian submanifold of the Poisson manifold
) are just the Euler-Lagrange equations for L.
Proof: A local computation, using (3.1), (3.8) and (4.2) proves the result. Figure 2 illustrates the above situation 4.2. The Hamiltonian formalism. Let µ : T * M −→ V * π be the AV-bundle associated with the fibration π : M −→ R. µ defines a principal R-bundle. We will denote by V µ the infinitesimal generator of the action of R on T * M and by
the vector bundle isomorphism (over the identity of T * M ) induced by the canonical symplectic structure
can consider the affine subbundle
{ { w w w w w w w w w 
(1) and, moreover,
Thus, ϕ takes values in J 1 π * 1 and we can consider the map
The local expression of this map is
Therefore, it is clear that ϕ is not a diffeomorphism. In order to obtain a diffeomorphism, we will proceed as follows.
First
Step: The cotangent lift of the action of R on T * M defines an action of R on T * (T * M ). In fact, we have that
It is obvious that the affine bundle V µ −1 (1) is invariant under this action. Consequently, the space of orbits of this action
R is an affine bundle over V * π which is modelled over the vector
Remark 4.3. The affine bundle
R over V * π is identified with the phase bundle P µ associated with the AV-bundle µ :
The phase bundle associated with an AV-bundle was introduced in [5] .
3
(0) is just the annihilator of the vertical bundle to µ : T * M −→ V * π and that the quotient vector bundle
R is modelled over the vector bundle T * (V * π).
Local coordinates on
Moreover, there exists a smooth map ϕ : P µ −→ J 1 π * 1 such that the following diagram
is commutative, where π Vµ
Therefore, ϕ is a surjective submersion. Second
Step: Let π * 1 : V * π −→ R be the canonical projection. Then, the differential of π * 1 is a section of the vector bundle π V * π : T * (V * π) −→ V * π. Therefore, since P µ is an affine bundle modelled over T * (V * π), we may consider the quotient affine bundle P µ/ dπ *
is modelled over the quotient vector bundle T * (V * π)/ dπ * 1 . Local coordinates on P µ/ dπ * 1 are (t, q i , p i ; , p q i , p pi ). Furthemore, there exits a smooth mapφ :
is commutative, where π P µ : P µ −→ P µ/ dπ * 1 is the canonical projection. The local expression ofφ isφ (t,
Consequently,φ is a diffeomorphism. We will denote by b π :
Note that b π is an affine bundle isomorphism over the identity of V * π. The following diagram illustrates the situation
Hereπ P µ is the affine bundle projection. P µ admits a canonical symplectic form Ω P µ (see [5] ). In fact, the local expression of Ω P µ is Ω P µ = dt ∧ dp t + dq i ∧ dp q i + dp i ∧ dp pi .
Let Λ P µ be the Poisson structure on P µ associated with Ω P µ . Then,
On the other hand, the vertical lift (dπ * 1 ) v to P µ of the 1-form dπ * 1 on V * π generates the vertical bundle to the canonical projection from P µ on P µ/ dπ * 1 . Note that,
Thus, L (dπ * 1 ) v Λ P µ = 0 and, therefore, Λ P µ is projectable to a Poisson structure Λ P µ on P µ/ dπ * 1 . The local expression of Λ P µ is (4.7)
Consequently, using (4.4), (4.6) and (4.7), we prove the following result ) and (P µ/ dπ * 1 , Λ P µ ). Now, let h : V * π −→ T * M be a Hamiltonian section and F h be the corresponding real function on
Then, one may define a section of the affine bundle
(1). This section is R-equivariant. So, it induces a section dh : V * π −→ P µ of the phase bundle P µ. We will denote by dh : V * π −→ P µ/ dπ * 1 the corresponding section of the affine bundle
we have that
Thus,
H ∂p i ∂q j dp i , dp pj −
This implies that dh(V * π) is a Lagrangian submanifold of the Poisson manifold P µ dπ *
1
,Λ P µ .
So, from Theorem 4.4, it follows that
On the other hand, if R h is the Reeb vector field of the cosymplectic structure (Ω h , η * 1 ) on V * π (see subsection 3.2) then, using (3.2), (4.6) and (4.8), we deduce that
Consequently, since the integral curves of R h are the solutions of the Hamilton equations for the Hamiltonian section h, we obtain the following result.
Theorem 4.5.
(1) Let τ : R −→ V * π be a local section of the fibration π * 1 : V * π −→ R. Then, τ is a solution of the Hamilton equations for h if and only if
(2) The local equations which define to S h as a Lagrangian submanifold of the Poisson manifold
) are just the Hamilton equations for h. Figure 3 illustrates the situation 
Moreover, using (3.8), (3.9), (4.2) and (4.5), we deduce Lemma 4.6. The following relation holds 
The previous result may be considered as the expression of the equivalence between the Lagrangian formalism and the restricted Hamiltonian formalism in the Lagrangian submanifold setting. Figure  4 illustrates the situation
We remark that for a solution σ of the Euler-Lagrange equations for L, we have that
Using the above facts, one may prove the following result. 
(2) The local equations which define to S L as a Lagrangian submanifold of the presymplectic manifold (J 1π M , Ω J 1π M ) are just the Euler-Lagrange equations for L. Figure 5 illustrates the situation
Therefore, from (5.8) and (5.9), we obtain that dF h (T * M ) is a Lagrangian submanifold of the presymplectic manifold ( V µ −1
(1), Φ Vµ −1 (1) ) (see Definition 2.2).
Consequently, using Theorem 5.5, it follows that S h = b π −1
(dF h (T * M )) is also a Lagrangian submanifold of the presymplectic manifold (J 1π M , Ω J 1π M ). Next, suppose that τ : R −→ V * π is a section of π * 1 : V * π −→ R. Then, we have that
(see (3.4) ). Moreover, if τ is a solution of the Hamilton equations then, from (3.3), we deduce that
Using these facts and (5.5), we may prove the following result. are Leg L -related, we deduce that
Therefore, from Remark 5.1, we obtain that there exists a unique p ∈ R such that
Here, · denotes the action of R on J 1π M . Consequently, using Remarks 3.1 and 5.4, it follows that
So,z ∈ b π −1
(dF h (T * M )) = S h . This implies that S L ⊆ S h . Proceeding in a similar way, one may prove that S h ⊆ S L . The previous result may be considered as the expression of the equivalence between the Lagrangian and extended Hamiltonian formalism in the Lagrangian submanifold setting. Figure 7 illustrates the situation
